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We show that in certain compactifications of .M-theory on eight-manifolds to three- 
dimensional Minkowski space-time the four-form field strength can have a non- vanishing 
expectation value, while an iV = 2 supersymmetry is preserved. For these compactifi- 
cations a warp factor for the metric has to be taken into account. This warp factor is 
non-trivial in three space-time dimensions due to Chern-Simons corrections to the five- 
brane Bianchi identity. While the original metric on the internal space is not Kahler, 
it can be conformally transformed to a metric that is Kahler and Ricci flat, so that the 
internal manifold has SU(4) holonomy. 
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1. Introduction 

The duality symmetries between different string theories can be naturally understood 
from .M-theory f[JH] or its twelve-dimensional generalization, that has been called T- 
theory [Q [|J. Ai -theory contains membranes and fivebranes, which turn out to be dual 
in eleven dimensions. Membrane-fivebrane duality predicts the existence of a space-time 
correction to the eleven-dimensional supermembrane action ||. Taking this anomaly into 
account, it is our goal in this paper to examine the conditions under which the ground 
state of .M-theory can be supersymmetric and of the form M 3 x K 8 , where M 3 is three- 
dimensional Minkowski space-time and K 8 is the internal eight-manifold. Compactifica- 
tions of .M-theory || and jF-theory || on eight-manifolds are fascinating, since they may 
lead us to a way to understand the dynamics of N = 1 supersymmetric field theories and 
string theories in D = 4, supersymmetry breaking and to the solution of the cosmological 
constant problem along the lines proposed by Witten 00. Our computation shows the 
existence of new vacua of M. -theory having N = 2 supersymmetry for which the four- form 
field strength can have a non-vanishing expectation value, while the three-dimensional 
cosmological constant vanishes. 



2. A^-Theory on Eight-Manifolds 

The bosonic part of the action of the eleven-dimensional supergravity limit of A4- 
theory is given by 0: 



Sn = - / d ll x^-g 



v , R — -F 4 A *F 4 - -C 3 A F 4 A F 4 
2 J v "[ 2 6 

where cjmn is the space-time metric (the hat denotes eleven-dimensional quantities) and 

C*3 is a three- form with field strength F 4 = dC 3 . We have set the gravitational constant 

equal to one. The complete action is invariant under local supersymmetry transformations 

6£m = ifjT A ipMi 

SCmnp = SifjT[ MN i(;p], (2.2) 
S^m = i ?MV-^ (f M PQRS - 8S p tQ RS ) F PQRSV , 



1 For a field theory example see 



where ej^ is the vielbein, ipM is the gravitino, 77 is an eleven-dimensional anticommut- 
ing Majorana spinor and Vm denotes the covariant derivative involving the Christoffel 
connection as usual. Further notations and conventions will be given in the appendix. 
The field strength obeys the Bianchi identity: 

dF 4 = 0, (2.3) 

or in components O^mFpqrs] = 0- This equation is metric independent. The field equation 
for F4 is: 

d*h = -±Fl (2.4) 

or in components after dualizing 

E-*d M (EF MNp Q) - ^e N ^ RSTUVWXY F RSTU F VWXY = 0, (2.5) 

where E = dete^. The fivebrane soliton appears as a solution to the eleven-dimensional 
field equations and it couples to the dual seven- form field strength Fj = *F 4 . Equation 
fl2.4p then becomes the Bianchi identity for the eleven-dimensional fivebrane. 

This equation has in general gravitational Chern-Simons corrections associated to the 
sigma-model anomaly on the six-dimensional fivebrane worldvolume [Q. The corrected 
fivebrane Bianchi identity takes the form 

d*F 4 = -^Fi + (2n) 4 pX 8 , (2.6) 

where f3 is related to the fivebrane tension by Tg = l/(27r) 3 ,9. Henceforth we set (3 = 1. 
Since the gauge-fixed theory of the fivebrane is described by a chiral anti-self-dual tensor 
multiplet, the eight- form anomaly polynomial is expressed in terms of the Riemann tensor 


X 8 = -1— ( —(tvR 2 ) 2 + — trR 4 ] . (2.7) 

(2tt) 4 V 768 V ; 192 J K ' 

The anomaly leads to an additional term in the action ( |2.1|) 

SS U = - [ C 3 A ( ^(tr^ 2 ) 2 + — trR 4 ] . (2.8) 

2 / d I 768 V ; 192 J K 1 



The existence of this interaction can be verified by computing the one-point function of 



the two- form Bmn in the type IIA string theory compactified on an eight-manifold |Tl 
The result of this calculation has no dilaton dependence, since this would spoil gauge 
invariance. It can therefore be extrapolated to eleven dimensions and it gives the previous 
answer. 

A supersymmetric configuration is one that obeys for some Majorana spinor r\ the 
conditions 

8t]Cmnp = 0, (2.9) 
&nipM = 0. 

Since in the background the spinor i(jm vanishes, the first two of the above equations are 
satisfied, and only the gravitino equation remains to be solved 

Vm^ - ^ (f M PQRS - 8*&f ® RS ) F PQRSV = 0. (2.10) 

The most general ansatz for the metric that is consistent with maximal symmetry is@ 

§mn(x, y) = A(y) _1 5rA fA r(x, y), (2.11) 

where 

*-(^>=(\ W 9 \))- (2 ' 12) 

Here x are the three-dimensional external coordinates labeled by the indices u, . . . and 
y the ones of the Euclidean eight-manifold labeled by m, n, . . .. A(y) is a scalar function 
called the "warp factor". We first would like to rewrite ( |2.10|) in terms of gMN ■ We can 
relate covariant derivatives with respect to conformally transformed metrics by using the 
formula: 

v M ry = Vmv + ^n- 1 r M N (y N n)r ] , (2.13) 



Compactifications of eleven-dimensional supergravity to D = 4 anti-de Sitter space with a 



warp factor but without the anomaly ( p.8|) have been considered before in [12]. In these theories 
the four-form field strength is proportional to the cosmological constant of the external space 
and vanishes therefore for compactifications to Minkowski space. Compactifications of type II 



superstring theories with a warp factor have also been discussed by [13]. For the heterotic string 



the warp factor is necessary in order to obtain solutions with torsion [14]. 
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where ()mn = ^ 2 9mn ■ This gives the relation 

VmV = VmV-\&~ 1 Tm N (V n A)? ] . (2.14) 
Furthermore, Tm matrices are related to Ym matrices as 

f M = A- 1 /2r M and f M = A 1 / 2 r M , (2.15) 



while Fmnpq will be kept fixed under the transformation ( [2.11| ). We then obtain for ( |2.10| ) 
in terms of gMN the result: 

Vmv - lr M N d N (io g A) v - ^a 3 / 2 (r M p Q RS - 85?rQ RS ) f pqrsV = o. (2.16) 

We make a decomposition of the gamma matrices that is appropriate to the 11 = 3 + 8 
split, by taking 

= 7m ® 79, 

(2.17) 

T m = 1 ®7 m , 

where 7 M and r ) m are the gamma matrices of M 3 and K 8 respectively and 79 is the eight- 
dimensional chirality operator, that satisfies jg = 1 and anti-commutes with all the 7 m 's. 
We decompose the eleven-dimensional spinor r\ as a sum of terms of the form 

r? = e®^, (2.18) 

where e is a three-dimensional anticommuting spinor, while £ is a commuting eight- 
dimensional Majorana-Weyl spinor. Spinors of the form ( |2.18| ) that solve 5 v a = for 
every field a, give unbroken supersymmetries. We shall be interested in compactifications 
having N = 2 supersymmetry in three dimensions for which two spinors on K 8 of the 
same chirality can be found. We can combine these real spinors into a complex spinor of a 
well defined chirality. Without loss of generality we will take the chirality to be positive. 
Compactifications for which spinors of the previous form can be found will, in general, 
have JX 8 / 0. 

In |15[] it was shown that demanding the existence of a nowhere-vanishing eight- 
dimensional Majorana-Weyl spinor in the 8 C representation of >SO(8) gives a relation be- 
tween the Euler number x °f the eight-manifold and the Pontryagin numbers, pi and 

P2 



p\ - Ap 2 + 8 X = 0. (2.19) 
The Pontryagin numbers are obtained by integrating the first and second Pontryagin forms 



p x = -1-trR 2 and P 2 = -]trR 4 + htrR 2 ) 2 , (2.20) 
2 4 8 

over K 8 . Replacing the spinor field in the 8 C representation by a spinor in the 8 S repre- 



sentation of 50(8) corresponds to a change of sign in (|2.19|) 

V \ - 4p 2 -8 X = 0. (2.21) 
Therefore if one asks for an 8 C and an 8 S nowhere-vanishing spinor field, one concludes 



that the Euler number of K has to vanish ||15|1 . However, it is also true that for every 



manifold having —8% = p\—Ap2 we can find another one which has 8x = p\—^P2, obtained 
by reversing the orientation of the original manifold. This corresponds to interchanging 
positive and negative chirality spinors. 

Comparing ( |2.7|) with (|2.20|) we observe that the anomaly polynomial Xs is propor- 
tional to P 2 — 4^2 and is therefore related to the Euler number of K 8 

L x ^-w^ x - (2 - 22) 

which is a topological invariant. Finding nowhere- vanishing spinors of both chiralities as a 
solution of (|2.16| ) thus implies that the integral of the anomaly polynomial (|2.22| ) vanishes. 



Compactifications of eleven-dimensional supergravity on eight-manifolds of this type have 
been considered in fli~6 |. For these compactifications no warp factor has been taken into 



account and the internal manifold is of the form K 2 x K 6 , where K 2 is a two-dimensional 
sphere or torus and K & is a six-dimensional Calabi-Yau manifold. They yield non- vanishing 
expectation values for the four-form field strength if the external space is anti-de Sitter 
and have an N = 4 supersymmetry in three dimensions. However, we shall see that the 
situation is rather different if the anomaly is taken into account. In this case we will find 
solutions that preserve an N = 2 supersymmetry if the external space is three-dimensional 
Minkowski space, while the four-form field strength gets a non- vanishing expectation value. 



In compactifications with maximally symmetric three-dimensional space-time the non- 
vanishing components of -F4 are 

F mnpq arbitrary, 

(2.23) 

where f m is an arbitrary function that we will determine later on, as well as the explicit 
form of F mnpq . e^ up is the completely anti-symmetric Levi-Civita tensor of M 3 . 

Consider now the /U-component of the gravitino transformation law. Using ( |2.16| ), 
( ETL71) and ( ET23D we obtain 



+ ±A 3 / 2 ( lfl ® 1 m )fmV (2-24) 
-ia n (logA)(7 At ®7 97 n )r 7 . 

The simplest way to satisfy the condition Sip^ = is to consider compactifications of A4- 
theory to three-dimensional Minkowski space, so that we can find a spinor that satisfies: 

V M e = 0. (2.25) 

Since we assume the three-dimensional space to be maximally symmetric, the above con- 
dition implies that the external space is Minkowski. 

Using ( |2.25| ) we get that ( |2.24| ) can be satisfied if we set 

F mnpql mnpq t = 0, (2.26) 

f n = d n A~ 3 / 2 . (2.27) 

The second equation gives the explicit solution for one of the non-vanishing components 
of F 4 

Fjj,i/pmn £ pv pdm^ ^ ; (2.28) 

in terms of the warp factor. 



Next we consider the m-component of the gravitino transformation law. Using the 
properties of the gamma-matrices of the appendix and equations (|2.16|) , fl2.23|) , (|2.26|) and 
( |2.27 ) we obtain: 



5ip m = V m £ + i-A 3 / 2 7 ^F mnp ^ + \d m {\og A)£ - §<9 n (log A) 7m ^. (2.29) 

/4 4 o 

It is now convenient to introduce transformed quantities: 

a =A" 3 / 2 o 

(2.30) 

1= A 1/4 £, 

in terms of which the condition ( |2.10| ) takes the simple form 

V m ^+^A- 3 / 4 F m ^=0, (2.31) 



where we have introduced the notation F m = / y npq F mnpq . The relation (|2.31| ) guarantees 
the existence of a covariantly constant spinor 

V m (?f)=0, (2.32) 

and its norm can be chosen to be one 

?f = 1. (2.33) 
For the components of £ = £i + we can choose 

= - for i = 1, 2 

II 2 ( 2 - 34 ) 
= for i ± j. 

Now we would like to show that K 8 is a complex manifold. In terms of £, we can 
construct an almost complex structure 

J m n = $l m n l (2-35) 

which is covariantly constant 



V P J m n = 0. (2.36) 



This can be easily seen taking into account that £t?yai— vanishes if n is odd, since the 
spinor involved is Weyl and 79 can be pulled through the expression. The tensor ( |2.35| ) 
has the property: 

Jm Jn P = ■ (2.37) 



To do this computation it is convenient to use some formulas appearing in |17j which 
are expressed in terms of a fourth-rank antisymmetric tensor 

Q rnn Pq = gT-mnpg^ for • = ^ 3 QM) 



With the above normalization for the spinors it follows from | JT7 | ||18|| 

mnpq = 84. (2.39) 

Furthermore using the Fierz rearrangement we can show that this tensor satisfies: 

nr npq ^j mn Pq = -12 for i^j. (2.40) 
J m n is a complex structure since the Nijenhuis tensor 

Nmn P = J-rr^J^q] ~ J n ^^[m^]' i^Al) 

vanishes. Equation ( |2.37| ) together with ( |2.41| ) imply that K 8 is a complex manifold. 
We are then allowed to introduce complex coordinates as well as holomorphic and anti- 
holomorphic indices, which we will denote with a, 6, . . . and a, 6, . . . respectively. The metric 
g mn is of type (1,1) and it is related to the complex structure as follows 

Jal = Wab- (2-42) 
Since J a i is covariantly constant, according to ( |2.36| ), it follows that K 8 is Kahler and J a i 



is the Kahler form. From equation (|2.42| ) it follows that 7„ and 7 a act as annihilation 
operators 

7^ = 7^=0. (2.43) 

Next we would like to obtain the explicit form of the solution for the four-form field 
strength. Multiplying ( |2.31|) with 7" and using ( |2.43|) we obtain the condition 

F m n Pg 7 a 7 np ^=0, (2.44) 



which is more restrictive than ( |2.26| ) and will allow us to obtain the solution for F mni 
All the components of the above expression must vanish separately. From the equation 



F ah cdl ahcd l = 



(2.45) 



we obtain the solution 



Fabcd = 0. 



(2.46) 



This can be easily seen by using (|2.43| ) and the identity 

1 



abed 



384 



Fef g h^{labcd^ efgh }C 



(2.47) 



which follows from properties of gamma matrices of the appendix. By complex conjugation 
of (ET46D we get 



Fabcd — 0- 



(2.48) 



Similarly one gets from the equation 



FabcdTf 5 ^ = 0, 



(2.49) 



the result 



By complex conjugation it follows 



F a bcd — 0- 



abed 



(2.50) 



(2.51) 



The vanishing of the remaining components of ( |2.44 ) can be written in the form 



Fabcd J Cd — 0. 



(2.52) 



This expression reminds the Donaldson- Uhlenbeck-Yau equation |T1| appearing in the het- 



erotic string |[L4| . However, in this case the field strength is a four-index object instead of 
a two-index object and the "gauge group" is abelian instead of SU(N). 

It is satisfying to see that equations Q2.46Q , (|2.48|) , (|2.50|) , (|2.51| ) and ( |2.52|) represent 
a solution of the field equation ( |2.6| ). In fact, since we have derived these results from 



9 



supersymmetry it is natural to think that they will solve the field equation for F^, which 
takes the form: 

E~ 1 d m (EF mn ™) = I^ rst ™A- 1 a r AF sto . (2.53) 



Here we have used that (|2.8|) is conformally invariant, so that the contribution of X% to 



the field equation (|2.6|) vanishes for this component of F4. Choosing a basis in which the 
metric is diagonal and using the explicit form of the four-form field strength this equation 
can be transformed to 

d[aF b cde] = 0, (2.54) 



which is nothing but the Bianchi identity ( |2.3j ). To summarize, the only non- vanishing 
components of F 4 are F^ pm = t^ vp f m and F aicS . 

Taking this result into account and ( |2.52|) it is easy to see that from expression ( |2.31| ) 
we get 

V m £ = 0, (2.55) 

so that K 8 is Ricci flat. From this equation it follows R m n = 0. Since we already showed 
that K 8 is Kahler, we conclude that the holonomy group is SU(4) and that the internal 
manifold is a Calabi-Yau four-fold. These manifolds have vanishing first Chern class. The 
original metric appearing in ( |2.30| ) is not Kahler but conformal to the Kahler metric. These 
metrics are called "conformally Calabi-Yau" ||14|| . It is useful to recall at this point some 
properties of Calabi-Yau four-folds. Since the holonomy group is SU(4) there are two 
covariantly constant spinors for a given chirality that come from the decomposition 8 C — > 
6 © 1 © 1 under the reduction of SO(8) to 5 , L r (4). The two singlets of this decomposition 
correspond to the two real covariantly constant spinors for a given chirality that we found. 

We still need to find the explicit form of the solution to equation ( |2.52|) on a Kahler 
space. Roughly as in [ 13 1 or []21J , F a i c ^ can be written in terms of the harmonic four- forms 



wj 4) on K 8 



i=i 
10 



Here the z/'s are constants, hn are the Hodge numbers and F is a shorthand notation for 
the above component of F±. There are several constraints on the z/'s. The quantization 
of the magnetic charge implies that these constants should be integers. 

A second constraint can be obtained from the Bianchi identity as follows. Inserting 



the solution (|2.27|) into the Bianchi identity (|2.6| ) gives an equation for the warp factor 

d * dlog A = —F A F — ^(27r) 4 X 8 . (2.57) 

Therefore, integrating the Bianchi identity over the eight-manifold we obtain a relation 
between the characteristic class represented by J F A F and the Euler number 

FAF + -3- X = 0, (2.58) 

where we have used Stoke's theorem and we have imposed the condition that *F^ should be 
globally defined. For complex manifolds of real dimension eight there is a relation between 
the Euler number and the 4 th Chern class x = c 4(Af) so that ( 2.58| ) can be written in the 
form 

F A F + —c±(M) = 0. (2.59) 

(4) 



Inserting (|2.56 ) into ( |2.59|) we obtain conditions on the constants v\ . Furthermore, the 



constraint ( |2.59|) provides a topological restriction on the possible compactifications of 



A4 -theory to three dimensions. 

At this point we have determined a complete solution to the supersymmetry trans- 
formations. Equation (|2.36| ) and ( j2.55| ) state that the internal manifold is a Calabi-Yau 
four-fold, while the original metric ( |2.30|) is non-Kahler but conformal to a Kahler metric. 



One of the non-vanishing components of F4 has to satisfy (|2.52j ) and can be expressed in 
terms of harmonic four- forms (|2.56Q . The coefficients of this expansion should obey the 
constraint ( |2.59|) . Equation (|2.57|) is an equation for the warp factor. Finally, the warp 
factor determines the remaining non- vanishing component of F4 ( |2.28|) . 

3. Conclusion and Outlook 

We have shown the existence of new vacua of A^-theory compactified on an eight- 
manifold that preserve an N = 2 supersymmetry in D = 3. For these compactifications a 

11 



warp factor for the metric has been taken into account, which is non-trivial in three space- 
time dimensions. Due to this fact, the four- form field strength acquires a non- vanishing 
expectation value for compactifications to three-dimensional Minkowski space-time. This is 
surprising and in constrast to the situation appearing in conventional compactifications of 
eleven-dimensional supergravity, where the expectation value of the four-form field strength 
has to vanish, if supersymmetry is unbroken 



While the original metric on the internal space is not Kahler, it can be conformally 
transformed to a metric that is Kahler and Ricci flat, so that the internal manifold has 
577(4) holonomy. 

This, of course, implies the existence of new vacua for the type IIA string theory in two 
dimensions. A crucial ingredient to get this result was the existence of the anomaly in the 
eleven-dimensional supermembrane action, which appears as a consequence of membrane- 
fivebrane duality. Such an anomaly is not present in the type IIB string theory, and 
a similar computation for compactifications on four- and six-manifolds gives a constant 
warp factor, and vanishing expectation values for the field strength for compactifications 



to Minkowski space 13] 22 



We have considered manifolds for which the holonomy group is 577(4). This leads, 
as we have explained, to two covariantly constant spinors of a well defined chirality. One 
could also consider compactifications on manifolds that admit only one covariantly con- 
stant spinor. Examples of these manifolds are 8- manifolds with Spin(7) holonomy. The 
corresponding spinor arises from the decomposition 8 C — » 7 © 1 jTT5| . Compactifications on 
these manifolds have attracted recently some attention in connection to JF-Theory, and it 
would be interesting to carry out a similar computation as the one presented herein. 
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Appendix 

Our notation and conventions are as follows 

> The different types of indices that we use are: 

M, N, . . . are eleven-dimensional world indices, 

A, B, . . . are eleven-dimensional tangent space indices, 

m, n, . . . are real indices of the euclidean sub manifold, (3-1) 

a, 6, . . . and a, b, . . . are complex indices of the euclidean submanifold, 

/U, v, . . . are three-dimensional lorentzian indices, 

We denote by (x°, x 1 , x 2 ) the coordinates of the external space, while (x 3 , . . . , x 10 ) are 
the coordinates of the eight-manifold. 

> 6 mnpqrstuvwx denotes a tensor, rather than a tensor density, with 

e 012 - 10 = E, (3.2) 

and analogously for the Levi-Civita tensors of M 3 and K 8 respectively. 

> n-forms are defined with a 1/nl. For example: 

F = j ] F mnpq dx m A dx n A dx p A dx q . (3.3) 

> The gamma-matrices T M are hermitian, for M — 1, . . . , 10 while To is antihermitian. 
They satisfy: 

{f M , f N } = 2*9 M N , (3.4) 

where ()mn has the signature (— , +,..., +). Tmi...m„ is the antisymmetriced product 
of gamma mat ices: 

r Mi...M n = r [Ml . . .T Mn ], (3.5) 

where the square bracket implies a sum over n\ terms with al/n! prefactor. 

> A representation of the d = 3 gamma matrices is 

7o=(° j), 7i=(° o*), and 72 = (j ^ ) , (3.6) 

13 



they satisfy e^ P Y p = 27 M . 

> Gamma matrix identities that are useful are 

[Vm^ n ]i = \R mnpql pq i, (3.7) 

[7m, 71 = 2 7m r , {7m, Y} = 4' *, 

{7mn, 7 r } = 27 mn r , [7mn, 7 r ] = -^[mTn], 

(3-8) 

Y)mnpi 7 ] 27 mn p , {7mnp, 7 } 65 [m7np], 

{'fmnpqi 7 } '^'Jmnpq , [7mnp<j,7 ] ^5 [m7npq]- 

> The chirality operator is defined by 

79 = ~^€mnpqrstu'~f P ^ • (3-9) 

> We use the Fierz identity 

^=2^E^ rCB " X1 ^"-^. (3-10) 

n=0 

> Our definition of Hodge * is: 

*(cfe mi A ... A dx m ?) = ]_ e mi - m v mp+1 ... md dx m ^ ... A dx md . (3.11) 
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